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a b s t r a c t
High harmonics (HHs) are an attractive source for seeding coherent free electron lasers (FELs). Critical to
many FEL applications are noise characteristics and the potential manipulation of coherence properties
of these sources. We investigate these issues using a numerical model of harmonic generation.
Crown Copyright & 2008 Published by Elsevier B.V. All rights reserved.
1. Introduction
Short-wavelength free electron laser (FEL) sources are rapidly
becoming recognized as a critical step forward in the next generation
of light sources. A sizable international community is growing, as the
number of projects developing FELs has increased worldwide. While
the first machines coming online are based on self-amplified
spontaneous emission (SASE), it is now widely recognized that there
is a tremendous scientific advantage in producing longitudinally
coherent output. One of the leading contenders in the various
schemes to achieve this coherence is seeding with high harmonics
(HHs) generated by an infrared laser in a gaseous medium.
In addition to coherence, HH seeds offer advantages in
tunability and control, synchronization, and subfemtosecond
pulse generation. Pulse shaping in the fundamental may be used
for tuning the harmonics [1] or potentially shaping them as well,
with applications to quantum control at shorter wavelengths.
They synchronize well [2] with the optically based timing systems
[3,4] that are currently the most promising candidates for solving
the daunting synchronization challenges facing FEL facilities.
Attosecond pulse techniques for FELs are a nascent but promising
field, and the attosecond structure accessible through HHs may
also prove to be valuable in such techniques [5].
These advantages of HHs have led to their growing incorpora-
tion into FEL project plans worldwide. Along with this develop-
ment has come a growing recognition that a comprehensive
experimental and theoretical program is needed to investigate the
problems peculiar to their implementation in FELs. Beyond the
practical question of demonstrating that the various advantageous
properties of harmonics can be optimized together in a source
design sufficiently robust for a light source facility, there are also
fundamental issues peculiar to their deployment as an FEL seed.
Of particular concern is how well coherence is maintained in
the harmonic process. This has been well studied in another
harmonic-based process for generating short-wavelength FEL
radiation, high-gain harmonic generation (HGHG). There it can
be shown that noise present after the first, fundamental stage
grows as n2 in the output, where n is the harmonic order of the
overall process, and that this growth is independent of how the
staging of the harmonics is done in a harmonic cascade [6].
Because of the large values of n involved in going from visible or
UV laser seeds to X-ray wavelengths, the noise growth can be
substantial. There has been some concern that HH might show a
similar growth, particularly since using an HH seed in the first
stage of an HGHG cascade has been proposed as a means of
potentially reducing the noise relative to what would be obtained
if a visible/UV seed was used [7].
Another question of interest is whether pulse shaping in the
drive laser can be used to shape the HH seed and ultimately, the
FEL output. It is well known that shaping the drive pulse can be
used to manipulate the spectrum of the HHs, and that complex
shaping is more effective than a simple chirp [1]. The transfer of
simple shaping (a linear chirp) from seed to FEL output has also
been demonstrated in an HGHG FEL [8]. The extent to which a
deterministic relationship, or some kind of ‘‘transfer function’’,
can be defined between the shaping of the drive pulse and a
harmonic seed has been largely unexplored.
In this paper, we use a numerical model of HH generation at
the atomic level to make a first assessment of the noise and
shaping issues. The layout of the paper is as follows. In Section 2,
we will briefly discuss the numerical model that we apply to the
problem. Sections 3 and 4 will cover the impact of several forms of
noise on the HH spectra, and the transformation of the simplest
shaping—a linear chirp—in the harmonics. Finally, we will discuss
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the results and their relationship to the noise characteristics of
HGHG and to the potential shaping of an FEL output.
2. Numerical model
In general, one considers two processes in modeling HH
generation: the atomic response, or the harmonic fields arising
from the interaction of the drive laser field and an individual
atom, and the macroscopic phase matching, or the coherent
superposition of these fields arising from all atoms in the focal
volume. The atomic response is often considered in the context of
the ‘‘three step model’’ [9,10], dividing the interaction into three
steps loosely described as: ionization, electron motion in the
optical field, and recombination. The essential ideas here are that
the strong optical field causes an electron to tunnel free from the
core, after which the electron’s motion is dominated by the optical
field, which may return it to the core for subsequent interaction.
In the case of recombination, the energy acquired by the electron
in this motion is available to produce a harmonic photon.
The evolution of the electronic motion may be treated
numerically by solving a difference-equation approximation to
the time-dependent Schro¨dinger equation (TDSE). This method
was one of the first to be applied to the problem, using the single
active electron (SAE) approximation [11,12], in which the field
interacts with a single valence electron, with all other electrons
frozen in their ground state orbitals.
While this reproduces a good deal of the single-atom physics,
an important limitation of the TDSE approach is that it has been
computationally too intensive to permit the calculation of the
macroscopic phase matching. In order to deal with this problem,
another approach has been widely used, employing the strong-
field approximation (SFA) to simplify the ionization step, which
permits an analytic expression for the atomic response to be
obtained and used in the calculation of the macroscopic phase
matching [13].
Since the overall efficiency of HH generation is a strong
function of the macroscopic phase matching, SFA calculations
have been an important tool in understanding and optimizing
high harmonic generation (HHG). One serious failing of the
method, though, has been that the absolute estimate of the yields
is typically wrong by a large factor, although the qualitative
behavior is correct. This suggests that the simplification of the
atomic response is missing some of the essential physics.
In considering the questions of noise growth and the
transformation of pulse shaping, it seems reasonable to focus
first on the single-atom response, as coherence lost at this level is
unlikely to be recovered in the macroscopic integration. Likewise,
if coherence is maintained (little noise growth), or the transfor-
mation between pulse shaping in the drive pulse and the shaping
of the harmonic is of a simple form, then it may be a simple
matter to preserve it in the macroscopic phase matching. For this
reason, we choose to use a TDSE method, which more accurately
reflects the single-atom response.
Recently, there has been renewed interest in both the
efficiency and accuracy of TDSE calculations of strong-field
phenomenon. The computational demands are somewhat alle-
viated by the development of the asymptotic boundary condition
(ABC) matching method [14], which speeds up the calculations by
roughly an order of magnitude. The importance of multielectron
effects and the limited validity of the SAE approximation have also
been recently described [15,16].
Avoiding the issues of multielectron effects in the studies
presented here, we consider a single-electron system, hydrogen,
irradiated by an 800nm linearly polarized optical field. The TDSE
solver follows Ref [16], using the difference equation in cylindrical
coordinates and coefficients derived there. We use a leap-frog
propagator, with a grid spacing of d ¼ 0.15 atomic units (a.u.), a
time step of (d2/12) a.u., and a total grid size of 300 a.u. in the
polarization direction and 65 a.u. in the transverse direction. The
code has been parallelized using MPI; the combination of this and
the improvement in speed due to the usage of ABC method means
that realistic pulse lengths and shapes can be accommodated with
modest computing power.
3. Noise
The noiseless electric field is given by
EðtÞ ¼ E0eðtt0Þ
2=t2 sinðoðt  t0ÞÞ (1)
where E0 ¼ 0.14 a.u., the amplitude of the electric field, corre-
sponds to a peak pulse intensity of 71014W/cm2, t ¼ 175.6 a.u.
corresponds to an intensity distribution with a full-width at half-
maximum (FWHM) of 5 fs, and t0 ¼ 440.9 a.u. corresponds to four
cycles of the optical field (10.7 fs), whose angular frequency is
given by o ¼ 0.057 a.u. The full time window is eight optical
cycles (21.3 fs) long.
The initial noise is simulated by including a stochastic variable
s(t) and a scaling parameter a into the field function in three
different ways:
EsðtÞ½1 þ asðtÞEðtÞ (2)
EsðtÞ ¼ EðtÞ þ asðtÞE0 (3)
EsðtÞ ¼ E0eðtt0Þ
2=t2 sin½oðt  t0Þ þ asðtÞ (4)
The variable s(t) varies pseudo-randomly on each time step, with
equal probability over the interval [0.5, 0.5]. The parameter a is a
measure of the magnitude of the noise, which we increase while
examining the variation of the harmonic spectrum with respect to
that obtained using the noiseless field.
Fig. 1 shows the harmonic spectrum obtained from the
noiseless field on a logarithmic scale. The spectrum exhibits the
usual plateau and cutoff shape, with the position of the classical
cutoff at approximately the 93rd harmonic indicated by a vertical
line. The effect of the introduction of noise of type (4), for three
values of a, is shown in Fig. 2, where we have rescaled the ordinate
axis in each pane of the plot, in order to contrast the spectra with
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Fig. 1. Harmonic spectrum obtained in the model using a 5 fs, 800nm pulse on
hydrogen. The vertical line indicates the position of the semi-classical cutoff
frequency.
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and without a noisy input field on a linear scale over the whole
harmonic range up to the cutoff.
Because the signal magnitude changes considerably over this
range, we examine the noise in the power spectra by looking at
the relative size of the deviations of spectra generated by the
fields in Eqs. (2)–(4) relative to the signal generated by (1). That is,
we define the variable Z(o):
ZðoÞ ¼ IsðoÞ  IðoÞ
IðoÞ
where Is(o) is the spectral intensity generated when using one of
the ‘‘noisy’’ input fields (2)–(4), and I(o) is the spectral intensity
obtained using the noiseless input field (1). Fig. 3(a) shows a
scatter plot of Z across the spectrum for one case (a ¼ 21 in Eq. (4))
and the distribution of values is shown in Fig. 3(b). The width of
this distribution gives an estimate of the noise in the harmonic
spectra.
Note in Fig. 3(a) that the width of the distribution does not
noticeably increase when going from low harmonic orders up to
the cutoff, showing none of the n2 growth characteristic of the
harmonic cascades discussed above. This was true for all of the
three noise types. The results for the distribution widths DZ
(FWHM) for several values of a in each noise class are compiled in
Table 1.
For small values of a, it appears that the noise on the output
spectrum is of the same order or smaller than that of the input
spectrum. Since a is the magnitude of the noise in the input field
and DZ is a measure of the noise in the output power, the
magnitude of Da should be compared properly with 2a in the case
of noise types (2) and (3). For (4) such a direct comparison is not
possible, as the stochastic parameter in (4) is purely in the argu-
ment of the phase. In this case, if there was substantial noise
growth in the higher-order harmonics, one might expect them to
exhibit substantial broadening, which is not the case (Fig. 1).
The values in Table 1 should be considered as an upper bound
for the noise, as fluctuations can also arise because the introduc-
tion of discontinuities entailed in adding the noise affects the
accuracy of the calculation. One way of checking for this is to look
at the conservation of a pseudo-probability P, defined as
P ¼
X
jk
ðfnjkÞfnþ1jk þ f
n
jkðfnþ1jk Þ

2
where fnjk is the value of the discrete wave function on the (j,k)th
grid point at the nth time step. Owing to the absorptive boundary
at the edge of the grid, P may decrease, but should not increase.
dP
dt
p0
We look for the largest increase DPmax, where DP ¼ P(t2)–P(t1),
over any period in the calculation time window such that t24t1. P
ranges from an initial value of 1 at the beginning of the pulse to
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Fig. 2. Comparison of spectra without noise (solid, blue) and with noise of the form in Eq. (4) (dashed, red) for different values of a. The intensity axis is rescaled within each
pane of the plot in order to compare on a linear scale over the large dynamic range of the spectrum: (a) a ¼ 21; (b) a ¼ 3.61; and (c) a ¼ 91.
Fig. 3. Scatter plot and distribution of the parameter Z for noise of the type in Eq.
(4) with a ¼ 21.
Table 1
Noise parameter DZ and DPmax for different forms of noise
Noise equation a DZ DPmax
(2) 0.02 0.007 1.2E06
(2) 0.05 0.040 1.5E05
(2) 0.1 0.20 1.0E03
(3) 0.02 0.019 9.9E06
(3) 0.05 0.11 8.8E04
(3) 0.1 0.49 6.0E03
(4) 2.01 0.030 3.0E04
(4) 3.61 0.080 1.3E03
(4) 9.01 0.46 1.2E02
B. Sheehy et al. / Nuclear Instruments and Methods in Physics Research A 593 (2008) 21–25 23
0.3 at the end of the pulse. These values are also shown in Table 1.
For the noiseless field (Eq. (1)), DPmax is on the order of
1014–1013, which is attributable to truncation errors in the
summation over the large grid. DPmax becomes quite large in the
largest-a entry for each noise type in Table 1, and the associated
sudden increase in DZ is probably dominated by the decreased
accuracy.
4. Chirp
In order to examine the transfer of chirp between the
fundamental and the harmonics, we impose a linear chirp on
the fundamental field. In the frequency domain this corresponds
to a quadratic phase term exp(im(o–o0)2). We choose values of
m ¼72.2104 a.u., such that a transform limited pulse of 5 fs
FWHM in intensity is stretched to 15 fs FWHM, chirping in either
direction. A longer window (24 cycles or 64 fs) is used, and the
peak field is E0 ¼ 0.08 a.u. (21014W/cm2 intensity) for both the
chirped and unchirped pulses. We then compare the spectral
phase variation across individual harmonic peaks with that of the
fundamental. Because of nonadiabatic effects, individual harmo-
nics in the plateau are not resolved in the single-atom response
(the constructive interference of one harmonic-generating path
in phase matching can restore this resolution macroscopically),
hence we examine the low-order peaks H1 and H3 and the
spectrum at higher orders peak just beyond the cutoff, which falls
just before H37.
The results are shown in Fig. 4. For each harmonic, the
reconstructed phase is plotted over the intensity profile of the
harmonic. Also shown are quadratic fits to the central sections of
H1 and H3 for reference. Thus for the radiated H1 (not the applied
field), we see the same chirp as the fundamental, and H3 behaves
more or less perturbatively—with a chirp parameter of approxi-
mately m/3. At the cutoff however, the phase shows a more
complicated modulation.
There is however, a clear change in the harmonic phase
associated with reversing the sign of the chirp parameter in the
fundamental. Complex behavior in the higher order harmonics is
consistent with previous theoretical studies. It is well known that
two quantum trajectories contribute to the harmonic amplitude,
and that the phase behavior of these is quite different [17,18]. The
ability to discriminate between these paths in the macroscopic
phase matching may simplify the shaping relationship between
the fundamental and the harmonic.
5. Summary
Our model provides some insight into noise and shaping issues
confronting fourth generation source projects that are contem-
plating the use of HHG seeds. The rapid growth in noise with
harmonic order that characterizes HGHG does not appear to
be present in HHG. Of course, the physical processes are quite
different. In particular, it is worth noting that the n2 growth in
noise in HGHG, as described in Ref [6], depends on the fact that
the harmonic field is proportional to the nth power of the
fundamental, i.e. that Enp(E1)n, where En is the field of the
nth harmonic, and E1 is the fundamental field, including noise
(in HGHG, it is the field at the end of the first radiator, including
the contribution from shot noise). While this relation holds for
many harmonic multiplication processes, it does not hold for HHG
at high orders. Instead, there is a strong n-dependence only in the
first few orders of the harmonics, after which (roughly around
n ¼ 11–13) there is a long plateau which exhibits a very weak
n-dependence.
We have examined the effect of a simple chirp in the
fundamental on the phase behavior of the harmonics. The low-
order harmonics manifest a perturbative behavior, exhibiting a
chirp scaled by the harmonic order. Behavior in high-order
harmonics is more complex, but shows a clear response to a
change in the chirp of the fundamental. To answer the question
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Fig. 4. First (a–b), third (c–d), and cutoff (e–f) harmonics using a chirped fundamental; (a,c,e) m ¼ +2.2104; (b,d,f) m ¼ +2.2104. Solid, blue line: phase; dashed, black
line: intensity profile; dotted, red line: parabolic fit to central portion, having curvatures: (a) m, (b) m, (c) m/2.6, and (d) m/3.0.
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of whether this response can be managed experimentally to
yield a straightforward shaping of the harmonics through the
fundamental will likely require a fuller model that includes the
macroscopic phase matching.
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